String geometry theory is one of the candidates of the non-perturbative formulation of string theory. In [1], the perturbative string theory is reproduced from a string geometry model coupled with a u(1) gauge field on string manifolds. In this paper, we generalize this result and we show that the perturbative string theory is reproduced from any string geometry model by taking a Newtonian limit.
Introduction
String geometry theory is one of the candidates of non-perturbative formulation of string theory [1] . Especially, from a sting geometry model coupled with a u(1) gauge field 1 , one can derive the all-order perturbative scattering amplitudes that possess the super moduli in IIA, IIB and SO(32) I superstring theories, by considering fluctuations around fixed perturbative IIA, IIB and SO(32) I vacuum background, respectively 2 as in [1] .
Then, a natural question arises as to whether a perturbative string theory can be reproduced if a string geometry model couples with other fields. Is the u(1) gauge field special?
Or, can it be reproduced from any string geometry model?
To answer this question, let us reconsider how the perturbative string theory is reproduced from the string geometry model coupled with the u(1) gauge field. In this case, it is derived from fluctuations around a background including a potential that satisfies the harmonic equation on the flat background. A low-velocity limit is also taken. These facts indicate Newtonian limit 3 . Then, we examine all the string geometry models by taking a Newtonian limit in this paper.
The organization of the paper is as follows. In section 2, we shortly review the framework of string geometry theory. In section 3, we show that a Newtonian limit of any string geometry model reproduces the perturbative string theory. In section 4, we conclude and discuss our results. In appendix A, we clarify the relation between the results of this paper and of the previous paper in case of coupling with a u(1) gauge field on string manifolds.
In appendix B, we display an explicit form of the Lagrangian up to the second order in the fluctuations. 1 The action of string geometry theory is not determined as of this moment. On this stage, we should consider various possible actions. Then, we call each action a string geometry model and call the whole formulation string geometry theory. 2 A perturbative topological string theory is also derived from topological string geometry theory [2] . 3 This was pointed out by H. Kawai.
String geometry theory
In this paper, we discuss only the closed bosonic sector of string geometry theory [1] . One can generalize the result in this paper to the full string geometry theory in the same way as in [1] . The closed bosonic sector is described by a partition function
where the action in general is given by
√ G(−R + (tensor and higher derivative terms)), (2.2) where G N is a constant. The action consists of a metric G IJ and tensor fields C including scalar fields defined on a so-called string manifold, which is an infinite dimensional manifold parametrized by coordinates (h, X(τ ),τ ) 4 , whereh is a metric on a worldsheetΣ,τ is a global time onΣ [3, 4] , and X(τ ) is a map fromΣ|τ to the ten-dimensional Euclidean space R 10 . We use the Einstein notation for the index I, where I = {d, (µσ)}. The cotangent space is spanned by dX d := dτ and dX (µσ) := dX µ (σ,τ ) for µ = 0, 1, . . . , d − 1, while dh mn with m, n =τ ,σ cannot be a part of the basis becauseh mn is treated as a discrete valuable in the string topology 5 . The summation overσ is defined by dσē(σ,τ ), whereē := hσσ . This summation is transformed as a scalar underτ →τ (τ , X(τ )), and invariant underσ →σ (σ).
From these definitions, we can write down the general form of the metric of the string geometry as follows.
In this way, string geometry theory is a field theory on a loop space. Thus, we can expect that the theory includes non-perturbative effects as string field theory.
Newtonian limit of string geometry theory
In this section, we show that a Newtonian limit of the string geometry model reproduces the perturbative string theory.
The Newtonian limit of string geometry theory is defined by (0) low-velocity limit under three conditions:
(1) weak gravity condition
(2) stationary condition for the background (3) tensor-less condition 6 .
First, we consider the Newtonian potential background around a flat background:
where λ is a constant andρ(h) := 1 4π dσ √hRh , whereRh is the scalar curvature ofh mn .
The worldsheet metrich mn behaves as a constant in the solution (3.1) to the equations of motion of (2.2) because they are differential equations with respect to X µ (τ ) andτ . D is a volume of the index (µσ), D := dσēδ (µσ)(µσ) = 2πdδ(0) 7 .
The equations of motion reduces to the Ricci flat condition,
because the tensor and higher derivative terms are dropped off from the limit (0) and the condition (3). In addition, the Ricci flat condition reduces to a harmonic equation,
because the condition (1) implies that φ 1 where φ remains up to the second order in the action and up to the first order in the equations of motion, and the condition (2) implies
is a solution to the harmonic equation, where 8 µν = − νµ = 1 for (µ, ν) = (0, 1), (2, 3), (4, 5), ..., (d − 2, d − 1), 0 for others. (3.5) We should note thath mn , X µ (τ ) andτ are all independent, and thus ∂ ∂τ is an explicit derivative on functions over the string manifolds, especially, ∂ ∂τh mn = 0 and ∂ ∂τ X µ (τ ) = 0. The dependence ofh mn on the background (3.1) is uniquely determined by the consistency of the quantum theory of the fluctuations around the background. Namely, a propagator of the fluctuations becomes to be the path-integral of the perturbative string on the flat background as we will see in the remaining part of this paper. The dependence is uniquely determined if one assumes that the theory has the two-dimensional diffeomorphism times
Weyl invariance quantum mechanically. The symmetry will be broken if one chooses the other dependence. This mechanism corresponds to the fact that a background is restricted to satisfy the equations of motion of the gravity if one supposes the two-dimensional diffeomorphism times Weyl invariance quantum mechanically in the perturbative string theory.
Let us consider fluctuations around the background (3.1), G IJ =Ḡ IJ +G IJ . Because of the limit (0) and the condition (3), the action (2.2) up to the quadratic order is given by
whereG :=Ḡ IJG IJ . In order to fix the diffeomorphism symmetry, we take the harmonic gauge. If we add the gauge fixing term
we obtain
We normalize the fields asH IJ := Z IJGIJ , where Z IJ := G − 
where L 0,1,2 are the terms of order O(H 0,1,2 IJ ). The explicit form is given in Appendix B. In order to take (0) the low-velocity limit, we perform a derivative expansion ofG IJ . We perform (1) weak gravity expansion and the derivative expansioñ
and take the Newtonian limit
where α is an arbitrary constant in the solution (3.1). We have also redefined G N . Then, (3.8) with appropriate boundary conditions reduces to
where we use short notation: we use indices i instead of (µσ) and all the indices are summed up.
In the same way as in [1] , a part of the action
decouples from the other modes, where we have taken D → ∞, and write down the summation and integration explicitly.
The following derivation is the same as in [1] . By adding following identity 9
) ,
wherenσ(σ,τ ) is the shift vector in the ADM formalism.
In order to obtain a Schwinger representation of the propagator, we use the operator formalism (ĥ,X(τ ),τ ) of the first quantization, whereas the conjugate momentum is written as (ph,p X (τ ),pτ ). The eigen state is given by |h, X(τ ),τ >.
Since (3.21) means that ∆ F is an inverse of H, ∆ F can be expressed by a matrix element of the operatorĤ −1 as
22)
On the other hand,Ĥ
This fact and (3.22) imply
In order to define two-point correlation functions that is invariant under the general coordinate transformations in the string geometry, we define in and out states as
26)
where h i and h f represent the metrics of the cylinders atτ = ±∞, respectively. When we insert asymptotic states, we integrate out X f , X i , h f and h i in the two-point correlation function for these states;
In the same way as in [1] , by inserting completeness relations of the eigen states, we
. By integrate out pτ (t) and p X (τ , t) by using the relation of the ADM formalism, we
We should note that the time derivative in (3.29) is in terms of t, notτ at this moment.
In the following, we will see that t can be fixed toτ by using a reparametrization of t that parametrizes a trajectory.
By inserting DcDbe
where we have redefined as c(t) → T (t)c(t), and Z 0 represents an overall constant factor. In the following, we will rename it Z 1 , Z 2 , · · · when the factor changes.
The integrand variable p T (t) plays the role of the Lagrange multiplier providing the following condition,
which can be understood as a gauge fixing condition. Indeed, by choosing this gauge in
we obtain (3.30). The expression (3.32) has a manifest one-dimensional diffeomorphism symmetry with respect to t, where T (t) is transformed as an einbein [5] .
33)
T (t) disappears in (3.32) and we obtain
This action is still invariant under the diffeomorphism with respect to t ifτ transforms in the same way as t.
If we choose a different gauge
The path integral is defined over all possible two-dimensional Riemannian manifolds with fixed punctures in R d as in Fig. 1 . The diffeomorphism times Weyl invariance of the action in (3.36) implies that the correlation function is given by 
Conclusion and Discussion
The Newtonian limit of any string geometry model around the flat background reproduces the perturbative string theory on the flat spacetime.
In case of coupling with a u(1) gauge field, the perturbative vacuum solution in [1] and the Newtonian potential background in this paper coincide in the limit to reproduce the perturbative string. In this case, there exists accidentally an analytic solution that reduces to the Newtonian potential background in the limit, namely the perturbative vacuum solution. Thus, there does not exist two vacua to reproduce the perturbative string on the flat spacetime.
In general, it is natural to expect that one can reproduce the perturbative string theory on any supergravity background if one takes the Newtonian limit of any string geometry model around the corresponding background that includes the supergravity background [6] .
A The relation between the perturbative vacuum background and the Newtonian potential background
The perturbative string theory is reproduced from fluctuations around a perturbative vacuum background of the Einstein-Hilbert action in string geometry theory coupled with a u(1) gauge field in [1] . On the other hand, the perturbative string theory is also reproduced from fluctuations around the Newtonian potential background of an arbitrary gravitational action in string geometry theory in this paper. In this appendix, we clarify the relation between the perturbative vacuum background and the Newtonian potential background.
The background that represents the perturbative vacuum is given bȳ
where N (X(τ )) = 1 1+αφ(X(τ )) . This is a solution to the equations of motion,
By expanding this background metric up to the first order in α, we obtain the Newtonian potential background (3.1). The contribution from the solution to the right-hand side of (A.2) becomes 0 in the first order because the contribution from the gauge field starts from the second order. Then, the solution satisfies (3.2). In section 3, we find that the part of the action in the second order in the fluctuations (3.16) coincides with the one obtained in [1] by rescaling an overall factor of the potential (3.4), which is a solution of (3.3), although there are contributions from the fluctuations around the background of the u(1) gauge field.
Therefore, the perturbative string theory is reproduced in the case of the string geometry model coupled with the u(1) gauge field by the same mechanism both in [1] and in this paper.
Thus, the Newtonian limit is a natural generalization of reproducing the perturbative string theory in [1] to the case of any string geometry model.
B Explicit form of the Lagrangian up to the second order in the fluctuations.
Here we provide the explicit form of (3.9): 
where we use short notation: we use indices i instead of (µσ) and all the indices are summed up. For an example, 
